Abstract. The structure of nearly Kähler manifolds was studied by Gray in several papers, mainly in [10] . More recently, a relevant progress on the subject has been done by Nagy. Among other results, he proved that a complete strict nearly Kähler manifold is locally a Riemannian product of homogeneous nearly Kähler spaces, twistor spaces over quaternionic Kähler manifolds and six-dimensional nearly Kähler manifolds, where the homogeneous nearly Kähler factors are also 3-symmetric spaces. In the present paper, using the lists of 3-symmetric spaces given by Wolf&Gray, we display the exhaustive list of irreducible simply connected homogeneous strict nearly Kähler manifolds. For such manifolds, we give details relative to the intrinsic torsion and the Riemannian curvature. Additionally, we determine the canonical fibration for those with special algebraic torsion.
Introduction
Nagy proved in [16] that every complete, simply connected nearly Kähler manifold M is a Riemannian product M 0 × M 1 × · · · × M k , where M 0 is Kähler and M i , for each i ∈ {1, . . . , k}, is an irreducible strict nearly Kähler manifold belonging to the following list: homogeneous nearly Kähler manifolds, twistor spaces over positive quaternionic Kähler manifolds and sixdimensional nearly Kähler manifolds. More concretely, from this paper and using also a result of Butruille [5] , relative to six-dimensional homogeneous nearly Kähler manifolds, one obtains the following classification:
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1 Any simply connected, complete, irreducible and strict nearly Kähler manifold (M 2n , g, J) belongs to one of the following classes:
(i) Homogeneous NK Type I : The holonomy representation of the minimal connection ∇ U(n) of the nearly Kähler structure is real irreducible and for n = 3, (M, g, J) is moreover holomorphically isometric to S 6 = G 2 / SU(3) equipped with the nearly Kähler structure as 3-symmetric space.
(ii) Homogeneous NK Type II: The holonomy representation is complex Hol(∇ U(n) )-irreducible and there exists a ∇ U(n) -parallel decomposition TM = E ⊕ JE. (iii) Homogeneous NK Type III : (M, g, J) has special algebraic torsion (see Section 3) and its horizontal distribution H is complex Hol(∇ U(n) )-reducible. (iv) Homogeneous NK Type IV : (M, g, J) has special algebraic torsion, the base space of the twistor fibration is symmetric and its horizontal distribution H is real Hol(∇ U(n) )-irreducible. Here the homogeneous nearly Kähler manifolds of Types I, III and IV are defined with light modifications from the corresponding classes given by Nagy in [16] . The definitions here presented seem to be more natural. Furhermore, we will see that they are more naturally agree with the lists of 3-symmetric spaces given by Wolf&Gray in [23] and by Gray in [9] . The class homogeneous NK Type III includes the corresponding original one given by Nagy. However, the set of non-Einstein manifolds included in the class homogeneous NK Type IV is slightly smaller than the set of manifolds included in the corresponding Nagy's class.
Using Proposition 4.4 ((i) equivalent to (v)) and [16, Theorem 2 .1] originally due to Cleyton&Swann [7] , Nagy proves that nearly Kähler manifolds contained in the classes (I)-(IV), for dimension higher than six, are in fact homogeneous and moreover, they are 3-symmetric spaces where J is the canonical almost complex structure. Afterwards, Butruille completes this result proving that six-dimensional homogeneous strict nearly Kähler are also 3-symmetric spaces.
It is still open the problem exposed by O'Brian and Rawnsley in [18, p. 57 ] about the existence or not of six-dimensional non-homogeneous nearly Kähler manifolds (see [4] ). Since any positive quaternionic Kähler manifold of dimension four is symmetric [12] , six-dimensional non-homogeneous nearly Kähler manifolds must admit real irreducible holonomy representation of the minimal connection.
The only known examples of positive quaternionic Kähler manifolds are the so-called Wolfspaces, which are all symmetric and the only homogeneous examples due to Alekseevskii (see [2, Ch. 14] ). This motives the LeBrun-Salamon Conjecture: Every positive quaternionic Kähler manifold is a Wolf-space. Then the existence of twistor spaces in (vi) corresponds with the existence of counter-examples of the conjecture. According with [16] , such twistor spaces are non-homogeneous nearly Kähler. Therefore, it follows that any simply connected strict homogeneous nearly Kähler manifold is a compact naturally reductive 3-symmetric space equipped with its canonical complex structure.
In the present paper, using the lists of 3-symmetric spaces given by Wolf&Gray in [23] (see also [9] ), we display the exhaustive list of irreducible simply connected homogeneous strict nearly Kähler manifolds in each one of these classes, NK Type I-IV. Concretely, we prove the following. Theorem 1.1. If (M, g, J) is a simply connected homogeneous strict nearly Kähler manifold, then M decomposes as Riemannian product whose factors belong to one of the following classes of homogeneous strict nearly Kähler manifolds:
(i) homogeneous NK Type I: compact irreducible 3-symmetric spaces of Type A 3 IV ( Table  3) or holomorphically isometric to Spin(8)/[SU(3)/Z 3 ]; (ii) homogeneous NK Type II: compact irreducible 3-symmetric spaces of Type C 3 ( Table  4 ) or holomorphically isometric to Spin(8)/ G 2 ; (iii) homogeneous NK Type III: compact irreducible 3-symmetric spaces of Type A 3 II ( Table 5 ); (iv) homogeneous NK Type IV: compact irreducible 3-symmetric spaces of Type A 3 III (Table 6 ).
Moreover, we give details relative to the Riemannian curvature and determine the canonical fibration for those ones with special algebraic torsion (NK Types III and IV). It is shown that homogeneous NK of Type III are twistor spaces of irreducible Hermitian symmetric spaces of compact type, meanwhile those of Type IV are twistor spaces of irreducible non-Hermitian symmetric spaces. Finally, we would like to note that we also give a list of irreducible simply connected strict nearly Kähler manifolds which are Einstein. To complete such a list, it remains to find those which are six-dimensional, non-homogeneous and Hol(∇ U(n) )-holonomy real irreducible, where Hol(∇ U(n) ) is the holonomy group of the minimal connection ∇ U(n) . The existence of these last manifolds is still an open problem as it was above mentioned.
Preliminaries
An almost Hermitian manifold (M, g, J) is a 2n-dimensional Riemannian manifold (M, g) equipped with an almost complex structure J compatible with the metric. That is, J 2 = −Id and g(JX, JY ) = g(X, Y ), for all vector fields X, Y on M. The presence of an almost Hermitian structure is equivalent to say that M is equipped with a U(n)-structure (its frame bundle admits a reduction to U(n)). Let ∇ be the Levi-Civita connection of g. On the set of Hermitian connections, metric connections ∇ such that ∇J = 0, we consider the unique connection ∇ U(n) given by ∇ U(n) = ∇ + ξ, where ξ ∈ T * M ⊗ u(n) ⊥ , i.e. ξJ + Jξ = 0. ∇ U(n) is called the minimal U(n)-connection and ξ is referred to as the intrinsic torsion of the U(n)-structure, which can be computed explicitly as (see [24] )
(2.1)
Then, ξ = 0 if and only if J is parallel with respect to the Levi-Civita connection, that is, M is Kählerian. An almost Hermitian manifolds (M, g = ·, · , J) is called nearly Kähler if J satisfies (∇ X J)X = 0, for all vector fields X on M, or equivalently, the intrinsic torsion is totally skew-symmetric. On nearly Kähler manifolds, ξ is parallel with respect to the minimal connection ∇ U(n) (see [8, 13] ) and we have
where R is the Riemannian curvature of M with the sign convention
For studying the curvature R is useful to consider the usual Ricci curvature tensor Ric associated to the metric structure, Ric(X, Y ) = Ric X, Y = R X e i Y, e i , and another tensor Ric * , called the * -Ricci curvature tensor, associated to the almost Hermitian structure and defined by Ric * (X, Y ) = Ric * X, Y = R X e i JY, Je i , where {e 1 , . . . , e 2n } is a local frame field. For sake of simplicity the summation convention will be used throughout the exposition. However, the sum will be explicitly written when a risk of ambiguity appears. For nearly Kähler manifolds the tensor Ric * is symmetric and Ric(J·, J·) = Ric(·, ·), Ric * (J·, J·) = Ric * (·, ·). Then, it is a positive semidefinite symmetric form. Moreover, the following formula holds [10, 22] 2n i,j=1
re i , e j ( R X e i Y, e j − 5 R X e i JY, Je j ) = 0,
3)
for all X, Y in TM . The tensor r has other strong geometric properties: It commutes with J and ∇ U(n) r = 0 (see [15] ). Then its eigenvalues are constants. If for all m ∈ M and u ∈ T m M with u = 0 we have ∇ u J = 0, or equivalently ξ u = 0, we say that the nearly Kähler manifold (M, g, J) is strict. Thus a strict nearly Kähler manifold could be to be considered as the opposite of a Kähler manifold. Here, r becomes into a positive symmetric form and its eigenvalues are all different from zero. For the complete case, a strict nearly Kähler manifold has positive Ricci curvature, hence it is compact with a finite fundamental group [15, Theorem 1.1]. Also in [15] it is proved that any nearly Kähler manifold might be decomposed locally (or globally, if it is complete and simply connected) into the Hermitian product of a Kähler manifold and a strict nearly Kähler manifold. Thus, the study of nearly Kähler manifolds can be reduced to the strict case. Note that irreducible complete and simply connected non-Kähler nearly Kähler manifolds are strict and so, they are compact.
We also recall that the first Chern class [10] of (M, J) is represented by the closed twoform γ 1 defined by 8πγ 1 = CX, JY for all X, Y in TM . Here C denotes the symmetric endomorphism Ric −5 Ric * . It is ∇ U(n) -parallel and commutes with J. As γ 1 is a closed form it is obtained 
Irreducible nearly Kähler manifolds
In this section, we expose some results given by Nagy [16] , including further details, and another new results. It is not hard to check that the condition ξ H H = V can be replaced by ξ H H ⊆ V. Since V is ∇ U(n) -parallel and ξ V V = 0, it is an integrable distribution. If (M, g, J) has special algebraic torsion, then there exists a Riemannian manifold (N, h) and a Riemannian submersion with totally geodesic fibers π : M → N, called the canonical fibration, whose vertical distribution equals V. With respect to the induced metric and almost complex structures, each fiber is a Hermitian symmetric space of compact type [16, Proposition 4.2] . Moreover, taking a new metricḡ on M given byḡ = 2g V ⊕ g H , where g V and g H denote the restrictions of the metric g to the distributions V and H, respectively, and an almost complex structureJ by settingJ V = −J andJ H = J, Nagy proved in [16, Proposition 4.3] that (M,ḡ,J) is a simply connected Kähler manifold of positive Ricci curvature. Hence nearly Kähler manifolds with special algebraic torsion are twistor spaces (complex manifolds fibrering over a real manifold such that the fibres are complex submanifods [4] ) over Riemannian manifolds, which are also compact and, because the fibers are connected, simply connected.
Along this section we will assume that (M 2n , g = ·, · , J) is a connected, complete and irreducible (as Riemannian manifold) strict nearly Kähler manifold. If it has special algebraic torsion, the fibre of the canonical fibration is irreducible [16, Kähler manifold. In this case, M is the twistor bundle on N consisting of local almost complex structures compatible with the quaternionic structure and dim V = 2.
According with [16, Theorem 3.1] , the notion of special algebraic torsion can be characterised in terms of holonomy: (M, g, J) has special algebraic torsion if and only if the holonomy representation of the minimal connection ∇ U(n) is complex reducible. For the complex irreducible case, the following possibilities may occur:
Nearly Kähler manifolds (M, g, J) satisfying (i), at least for dimension higher than six, or (ii) are homogeneous nearly Kähler. In fact, they are 3-symmetric spaces, J is their canonical complex structure and correspond in the classification given in Section 1 with the homogeneous NK Type I, including S 6 = G 2 / SU(3), and homogeneous NK Type II, respectively. Proposition 3.2. On strict nearly Kähler manifolds (M, g, J) with complex irreducible ∇ U(n) -holonomy representation, the first Chern class of (M, J) vanishes, r is parallel and g is positive Einstein metric.
Proof. Let E λ be an eigenbundle of r corresponding to some eigenvalue λ > 0. Since r is ∇ U(n) -parallel, E λ is a ∇ U(n) -parallel distribution. Hence, if the ∇ U(n) -holonomy representation is real irreducible, one obtains that E λ = TM. If the ∇ U(n) -holonomy representation is not real irreducible, taking into account that JE λ = E λ , it follows that E λ ∩ V is a non-zero ∇ U(n) -parallel distribution and so, E λ must be all TM. In both cases, λ is the unique eigenvalue of r. Now, the result follows using the next Lemma 3.3, a consequence from (2.3) (see [10] , [15] ).
Lemma 3.3. If the tensor r on a strict nearly Kähler manifold (M, g, J) has exactly one eigenvalue, then (M, g) is a positive Einstein manifold. Moreover, the first Chern class of (M, J) vanishes and r is parallel.
Remark 3.4. Also r is parallel on nearly Kähler manifolds such that r has exactly two eigenvalues, one of which is zero [10, Theorem 4.13] . In particular, r is parallel for dim M ≤ 8.
In [16] the following lemma was proved for L = TM . Here we rebuilt the argument for a more general situation.
where R U(n) denotes the curvature tensor of the minimal connection ∇ U(n) . Furthermore, if the decomposition L = E ⊕ F is stable by J, then we have the following consequences of the previous identity:
In particular, if we consider TM = L ⊕ L ⊥ , where L is stable by J and L ⊥ is its orthogonal complement, then
Proof. Let us recall the relation (see [10, page 237]) :
The first Bianchi identity is given by
An analogous formula is obtained for R(V, X, Y, W ). Such a formula is given by
Finally, from these last two formulas, the first Bianchi identity and equation (3.6) , the required equation follows.
Next let us see (i). From Equation (3.5) we have
and the algebraic properties of the tensor ξ into account, it follows
Reversing the roles of E and F, we obtain that ξ V 1 ξ X 1 X 2 = 0.
Now we see (ii). Using (i) we have
Similarly, we will obtain (ξ V 1 ξ V 2 V 3 ) L ∈ E. Now we apply the facts here proved to TM = L ⊕ L ⊥ , where L ⊥ is the orthogonal complement of L. Therefore,
Finally,
For (iii) we choose Y = V 3 in Equation (3.5), we have
The remaining identity follows by reversing the roles of the distributions E and F.
Because we will need later, we recall the following two results proved in [16, 
Note that (ii) follows from Equation (3.5) taking L = TM = V ⊕ H.
On complete irreducible nearly Kähler manifolds with special algebraic torsion, the eigenvalues of the tensors Ric, r and C on H are ruled by the following result.
Lemma 3.7. The base manifold (N, h) is Einstein with Einstein constant µ > 0 and, furthermore,
As a consequence the tensors r, C and Ric have the same eingenbundles on H. If E H is one such a eingenbundle associated to the eigenvalue λ(r), λ(C) and λ(Ric) of the tensors r, C and Ric, respectively, then
Now, we have already available the necessary tools to prove next result.
Proposition 3.8. Let (M, g, J) be a complete, simply connected, irreducible strict nearly Kähler manifold. Then the following conditions are equivalent: (i) r has exactly one eigenvalue;
(ii) the first Chern class of (M, J) vanishes, i.e. C = 0;
Besides Lemmas 3.3 and 3.7, we shall need the next lemmas for getting its proof. Proof. Let u ∈ TM such that Cu = λu, for some λ ∈ R. Since ∇C = 0 one gets
is strict there exists X ∈ TM such that ξ 2 u X = −c 2 X, for some c = 0. Hence X and ξ u X are eigenvectors of C with eigenvalue − λ 2 . Repeating the same process for X, one gets Cξ X u = λ 4 ξ X u. Hence ξ u X also belongs to the eigenspace with eigenvalue In what follows we focus on irreducible strict nearly Kähler manifolds with special algebraic torsion. The fact that C is ∇ U(n) -parallel and symmetric, together with the irreducibility of the fiber implies that there exists a real constant λ such that C = λ1 V on V (because of the irreducibility, only one eigenspace is possible on V). This leads to the following: Proposition 3.11. Let (M, g, J) be a complete irreducible nearly Kähler manifolds with special algebraic torsion. Then, for the tensor C, we have:
(i) the restriction of C to V has only one eigenvalue λ;
(ii) the restriction of C to H has at the most two eigenvalues: λ 1 = − λ 2 − ρ and λ 2 = − λ 2 + ρ, for some ρ ≥ 0. In particular, if there is one single eigenvalue for C on H, then it is equal to − λ 2 . On the other hand, if λ 1 and λ 2 are distinct and associated to the eingenbundles E and F, respectively, then
(iii) C has at most three eigenvalues on TM . In particular, if C has only one eigenvalue, then λ = 0.
Proof. We only need to show (ii). Since V is an eigenspace of C with eigenvalue λ, the identity (2.4) implies that Sξ V X + ξ V SX = 0, whenever V, X are in V and H respectively, where
imply that S 2 projects on a symmetric, ∇ h -parallel endomorphism of N, where ∇ h denotes the Levi-Civita connection of (N, h). Such an endomorphism has to be a multiple of identity by the irreducibility of N . Hence S 2 = ρ 2 1 H , for some ρ ≥ 0. This implies
Therefore, C has at most two distinct eigenvalues on H, λ 1 = − λ 2 − ρ and λ 2 = − λ 2 + ρ. In particular, if λ 1 = λ 2 , for all V ∈ V and X 1 ∈ E, one has
where E λ 2 is the eigenbundle associated to the eigenvalue λ 2 . Thus, we have ξ V E ⊆ F and, by a similar proof, ξ V F ⊆ E. From this it is immediate that ξ E E = ξ F F = 0. In fact, for all X 1 , Y 1 ∈ E and V ∈ V, one has
Finally, ξ V H = H implies ξ V E = F and ξ V F = E and ξ E F = V.
We will give some further descriptions of the possible eigenvalues of the tensors r, Ric and C. For such a purpose, the following technical result is useful.
where {e i } and {x j } are local orthonormal frames in V and H, respectively.
In particular, when there is only one eigenvalue k for r on H, we have
where l is the unique eigenvalue of r on V. Moreover, if there is an orthogonal ∇ U (n) -parallel decomposition H = E ⊕ F stable by J where E and F are eigenbundles associated to the eigenvalues k and m (not necessarily distinct) of r such that ξ E E = ξ F F = 0, then:
where {e i }, {y j 1 } and {z j 2 } are local orthonormal frames in V, E and F, respectively. Furthermore, we also have
But, using the fact that ξ H H = V, we get
It proves the first equality. In particular, if there is only one eigenvalue on H, it follows
For the rest, we use the identities ξ E E = ξ F F = 0, ξ E F = V, ξ V E = F and ξ V F = E and the corresponding arguments are similar. Lemma 3.13. For a nearly Kähler manifold (M 2n , g, J), if L ⊆ TM is a stable by J and complex Hol(∇ U(n) )-reducible distribution, then L = E⊕F, where E, F are non-zero orthogonal ∇ U(n) -parallel distributions such that they are stable by J and ξ E E ⊆ E.
Proof. The reducibility of L implies the existence of a ∇ U(n) -parallel decomposition L = E 1 ⊕ F 1 stable by J. Let F 0 be the distribution generated by elements of the form (ξ V W ) F 1 , where V, W belong to E 1 and the subscript denotes orthogonal projection on F 1 . Using Lemma 3.5 (i) we get
whenever X, Y are in F 1 . Now, using Lemma 3.5, it follows that the first summand belongs to E 1 , the second is in F 1 and third in L ⊥ . Therefore, each summand vanishes,
As F 0 is contained in F 1 , we get that ξ F 0 F 0 = 0. Moreover, F 0 is ∇ U(n) -parallel and stable by J, In fact, using ∇ U(n) ξ = 0, one has
From all of this, if F 0 = 0, we may take E = F 0 . On the other hand, if F 0 = 0, then ξ E 1 E 1 ⊆ E 1 and we set E = E 1 . Therefore, we have obtained a ∇ U(n) -parallel orthogonal decomposition L = E ⊕ F such that ξ E E ⊆ E and E, F are non-zero and stable by J.
Proposition 3.14. Let (M 2n , g, J) be an complete, simply connected irreducible strict nearly Kähler manifold with special algebraic torsion. Then we have:
E, F are non-zero orthogonal ∇-parallel distributions such that they are stable by J,
Proof. Let us see part (i). By making use of Lemma 3.13, if H is complex Hol(∇ U(n) )-reducible, then H = E ⊕ F, where E, F are non-zero orthogonal ∇ U(n) -parallel distributions such that they are stable by J and
Let us suppose that ξ F F = {0}. We recall that V is a stable by J and real Hol(∇ U(n) )-irreducible, because we are assuming our manifold M is complete irreducible strict nearly Kähler with special algebraic torsion (see [16] ). Therefore, ξ F F = V. Thus, the distribution V ⊕ E and F can respectively play the roles of vertical and horizontal distribution for the special algebraic torsion condition. In such a case, the fiber F of the canonical fibration is not irreducible, because TF = V ⊕ E where V, E are non-zero. Hence M would be not irreducible, contradiction. Hence it follows ξ F F = {0}. As a consequence, V = ξ E F.
The converse is immediate. The final assertion of part (i) follows from the fact that M is irreducible and both distributions, E and F can play the role of vertical distribution.
Now we prove part (ii). Let us suppose that H is a complex irreducible but real reducible as
Let {e 1 , . . . e dim V } be an orthonormal basis for (real) vectors in V and X ∈ E. Because E is ∇ U(n) -parallel, R U(n) (e i , Je i )X is in E. Now using Equation (3.5) and Lemma 3.12, we have
But since H is complex irreducible and r is Hermitian, there is a single positive eigenvalue k of r on H. Hence r JX = kJX. Thus JX is in E ∩ JE = {0}. This implies X = 0, for all X in E. Contradiction.
Definition 3.15. A complete irreducible strict nearly Kähler manifold is homogeneous NK Type III, if it has special algebraic torsion and the horizontal distribution H is complex
) is a homogeneous space and the base space of the canonical fibration is a simply connected, compact and irreducible symmetric space.
Proof. By Proposition 3.14, we have three different splittings of special algebraic type
each of which being ∇ U(n) -parallel and stable by J. It follows by Lemma 3.6 (i) that the restriction of the tensor ∇
Finally, for all V, W ∈ V, X 1 , Y 1 ∈ E and X 2 , Y 2 ∈ F, by Lemma 3.6 (ii), one has
Similarly, one has also
is an Ambrose-Singer connection. Hence, taking into account that (M, g) is a connected, simply connected and complete Riemannian manifold, it is a homogenous space [21] . The claim that the base space of the canonical fibration is symmetric follows by comparison between curvature tensors of the total and the base space (see [2] ). In fact, if (N, h) is the base manifold with Levi-Civita connection ∇ h associated to the metric h, the corresponding Riemannian curvature R h and X H denotes the horizontal lift of X ∈ X(N ), then
Definition 3.17. A complete irreducible strict nearly Kähler manifold is homogeneous NK Type IV , if it has special algebraic torsion, the base space of the twistor fibration is symmetric and the horizontal distribution H is real Hol(∇ U(n) )-irreducible.
From the fact that the base manifold is symmetric it follows ∇ U(n) R U(n) = 0 [16] . Therefore, a homogeneous NK Type IV manifold is homogeneous as it is expected. Remark 3.18. In the case that (M 2n , g, J) is a complete irreducible non-homogeneous nearly Kähler manifolds with special algebraic torsion (a twistor space of a non-symmetric positive quaternionic Kähler manifold [16] ), by Proposition 3.14 (ii), the horizontal distribution H is real Hol(∇ U(n) )-irreducible.
Finally, we give further details relative to the eigenvalues of the tensors r, Ric and C.
Proposition 3.19. Let (M, g, J) be a complete irreducible nearly Kähler manifolds with special algebraic torsion. Then we have:
, where E and F are stable by J, ξ E E = ξ F F = 0 and non-zero Hol(∇ U(n) )-spaces such that consisting of eigenvectors of the tensors r, C and Ric associated to eigenvalues (not necessarily distinct) which satisfy the following table
The eigenvalues l, k and m are positive constants satisfying Equation (3.9). The Einstein constant of the base manifold is given by 2µ = l + k + m.
(ii) If H is a complex irreducible Hol(∇ U(n) )-space or complex reducible as in the previous case but with k = m, then the tensors r, C and Ric have two eigenvalues (not necessarily distinct) and the bundles V and H consist of eigenvectors associated to the first and second eigenvalue, respectively, as it is indicated in the following table.
Eigenvalue r Ric C Eigenbundle
The eigenvalues l and k are positive constants satisfying Equation (3.8). The Einstein constant µ of the base manifold is given by 2µ = l + 2k.
This implies that the distributions V i are parallel for the Levi Civita connection ∇ on a maximal leaf of V (we recall that the leaf is a totally geodesic submanifold of M ). Hence V is not irreducible with respect to such a Levi Civita connection, contradiction.
Since V is a real irreducible Hol(∇ U(n) )-space and C is a ∇ U(n) -parallel tensor, then V is contained in a single eingenbundle E λ of C, V ⊆ E λ . In other case, for some eigenvalue λ, we would have E λ ∩ V = V and V would not be Hol(∇ U(n) )-irreducible.
By Proposition 3.14, if H is complex reducible as a Hol(∇ U(n) )-space, then H = E⊕F in the conditions written in the statement. Therefore, E and F are real irreducible as Hol(∇ U(n) )-spaces. This implies that there is only one eigenvalue for the tensor C on each of them. Thus, the situation is that C has at the most three eigenvalues, namely, λ, λ 1 and λ 2 (not necessarily distinct) such that V, E and F consist of eigenvectors for λ, λ 1 and λ 2 , respectively. Moreover,
Now we recall the expression for the Ricci curvature of (M, g) obtained by Nagy in [15] . If E i , 1 ≤ i ≤ p are the eigenspaces of r corresponding to the eigenvalues λ i then
for all Xand Y in V i , where the tensors r s , 1 ≤ s ≤ p are defined by
(Note that formula (3.10) is also true for a decomposition TM = E 1 ⊕· · ·⊕E p into eigenbundles E i corresponding to λ i , not necessarily distinct, such that the bundles E i are ∇ U(n) -parallel and stable by J.) Then, using Lemma 3.12 and the expression for the Ricci tensor given by (3.10), we have that the eigenvalues of Ric corresponding to V, E and F, respectively, are given by
Now taking the identity (3.7) and λ = −(λ 1 + λ 2 ) into account, we have
Hence 2µ = l + k + m. From all of this the table given in (i) follows. In particular, if k = m, the table given in (ii) is obtained.
where λ 1 is an eigenvalue for C. Now, by Proposition 3.11, it follows that
where π V and π H are the projections of TM on V and H, respectively. The same argument is valid to claim that r has only one eigenvalue l on V and another only one k on H, where l and k are positive constants.
Applying the expression for the Ricci tensor given by (3.10) and Lemma 3.12, we obtain:
To compute the eigenvalue λ of C and the Einstein constant µ of the base manifold, we use the identity (3.7) and obtain 4µ = 4 2l+3k 4 + k. From this the required expressions for µ and λ follow.
Remark 3.20. In both cases, (i) and (ii) in the previous Proposition, when the total manifold is Einstein, it is satisfied that µ = 3 2 k and the tensors r, Ric and C have a single eigenvalue satisfying the already known relations (Proposition 3.8) given by the following table
Finally, note that from Equations (3.8) and (3.9), Proposition 3.19, the tables given in [16, Proposition 5.2 and Remark 5.1] are deduced. However, we do not require distinct eigenvalues. Also some details of the table for three eigenvalues must be corrected in [16] . In fact, if 2d = dim V, 2d 1 = dim E and 2d 2 = dim F, for homogeneous NK Type III spaces one obtains Eigenvalue r Ric C Eigenbundle
Riemannian 3-symmetric spaces
We recall that a connected 2n-dimensional Riemannian manifold (M, g) is called a 3-symmetric space [9] if it admits a family of isometries {θ p } p∈M of (M, g) satisfying
where J is the canonical almost complex structure associated with the family {θ p } p∈M given by J = 1 √ 3 (2Θ + I). Riemannian 3-symmetric spaces are characterised by a triple (M = G/K, σ, ·, · ) satisfying the following conditions:
(1) G is a connected Lie group and σ is an automorphism of G of order 3,
o denotes its identity component, (3) ·, · is an Ad(K)-and σ-invariant inner product on m = Ker φ, where φ is the endomorphism of g given by φ = 1 + σ + σ 2 . We shall say that G/K is a 3-symmetric coset space if there exists σ satisfying (1) and (2) . Here and in the sequel, σ and its differential σ * on g and on the complexification g C of g are denoted by the same letter σ. Then it is a reductive homogeneous space with reductive decomposition g = m⊕k, where the Lie algebra k of K is Im φ = g σ = {X ∈ g | σX = X}. The inner product ·, · induces a G-invariant Riemannian metric g on M = G/K and (G/K, g) becomes into a Riemannian 3-symmetric space, where the symmetry θ o at the origin o ∈ M is given by θ o (gK) = σ(g)K, for all g ∈ G. Since the canonical almost complex structure J on G/K is G-invariant, 3-symmetric spaces are almost Hermitian homogeneous spaces determined by the Ad(K)-invariant automorphism on m, which we denote by the same letter, given by
Under the canonical identification of m with T o G/K, we have the following [9] .
In addition to the minimal U(n)-connection of the canonical almost Hermitian structure (J, g) of a Riemannian 3-symmetric space, we may consider the canonical connection (see [17] ) of the 3-symmetric coset space G/K adapted to the reductive decomposition g = m ⊕ k and furthermore, the canonical connection of the 3-symmetric space, treated as a regular s-manifold (see [14] ). Next we prove that these three connections coincide.
Proposition 4.1. The minimal connection ∇ U(n) of the U(n)-structure determined by the canonical almost complex structure of a Riemannian 3-symmetric space (M = G/K, σ, ·, · ) coincides with the canonical connection with respect to the reductive decomposition g = k ⊕ m. Moreover, ∇ U(n) is also the canonical connection of the regular s-structure.
Proof. For each X ∈ m, denote by X * the G-invariant vector field defined on a small neighborhood of the origin
and, at the origin, we have
is the canonical connection of M with respect to the reductive decomposition g = k⊕m.
Since any G-invariant tensor field on M is then parallel with respect to ∇ U(n) [14, Proposition I.11], we have ∇ U(n) Θ = 0. Hence, taking into account that ∇ U(n) is invariant with respect to all θ p , it follows from [14, Theorem II.17] that ∇ U(n) is also the canonical connection of the s-structure.
where T U(n) and R U(n) denote the torsion and the curvature tensor of the minimal connection ∇ U(n) respectively, and its intrinsic torsion ξ is a homogeneous structure [21] .
The tensor fields T U(n) and R U(n) are G-invariant and they are given by
The canonical almost complex structure of a Riemannian 3-symmetric space is quasi-Kählerian (ξ satisfies ξ X Y +ξ JX JY = 0, for all vector fields X, Y ) and it is nearly Kählerian if and only if (G/K, g) is a naturally reductive homogeneous space with adapted reductive decomposition g = m ⊕ k [9] . In general, a homogeneous Riemannian manifold (M = G/K, g) is said to be naturally reductive, or more precisely, G-naturally reductive, if there exists a reductive decomposition g = m ⊕ k satisfying
for all X, Y, Z ∈ m, where ·, · is the inner product induced by g on m. From Proposition 4.1 and (4.13), the intrinsic torsion of a naturally reductive 3-symmetric space is determined by
(4.14)
Remark 4.3. The converse of Proposition 4.1 also holds (see [6] for a proof): A quasiKählerian homogeneous manifold (M = G/K, g, J) such that the minimal connection coincides with the canonical connection with respect to a given reductive decomposition g = m ⊕ k is a 3-symmetric space.
Next we display a characterization result for naturally reductive 3-symmetric spaces which is well-known.
is a complete, connected and simply connected nearly Kähler manifold, then the following conditions are equivalent:
(i) M is a 3-symmetric space and J is the canonical almost complex structure;
(iii) the intrinsic torsion ξ is a homogeneous structure;
Proof. 
The group H(M ) of holomorphic isometries of a Riemannian 3-symmetric space (M, g) with respect to its canonical almost complex structure acts transitively on M [9, Theorem 4.8]. Therefore, M can be written as the coset space G * /K * , where G * is the identity component
o , for g ∈ G * , and ·, · is the inner product determined by g on m = T o M, satisfies (1), (2) and (3). Thus G * /K * becomes into a 3-symmetric coset space [9, Theorem 5.4] . We may also consider the closure Cl({θ p }) of the group generated by the set {θ p | p ∈ M } in H(M ). From Proposition 4.1 and [14, Theorem II.32], Cl({θ p }) coincides with the transvection group of the affine reductive space (M, ∇ U(n) ). It is a normal subgroup of H(M ) and acts transitively on M. Hence, if we denote by G the identity component of Cl({θ p }) and K its isotropy subgroup at o, we have another 3-symmetric coset expression G/K for M with corresponding automorphism σ of order 3 given by σ = σ * |G . Theorem 4.5. Let (M = G/K, σ, ·, · ) be a simply connected Riemannian 3-symmetric space and J its canonical almost complex structure. Suppose that G is connected semisimple and acts effectively on the coset space M = G/K. Then we have:
(i) The holonomy group Hol(∇ U(n) ) of the minimal connection ∇ U(n) coincides with the isotropy subgroup K, as acting by the adjoint representation. (ii) G is the identity component of the transvection group Cl({θ p }) of (M, ∇ U(n) ). (iii) If the identity component H o (M ) of the group of holomorphic isometries of (M, g, J) is semisimple, then G = H o (M ).
Proof. From Proposition 4.1, the Lie algebra hol(∇ U(n) ) of the holonomy group Hol(∇ U(n) ) (with reference point at the origin o) is spanned by all endomorphisms of the form R
The subspace n = m + [m, m] is an ideal of g. Since g is semisimple, we can consider the orthogonal complement a of n in g with respect to the Killing form. Then a is also an ideal and is contained in k. Since G is effective on M, we conclude that a reduces to 0 and g = n. Now, because M is simply connected, and K and Hol(∇ U(n) ) are connected, we get (i). From here one obtains that G is the transvection group of the affine reductive space (M, ∇ U(n) ) (see [14, Theorem I.25 
]). This proves (ii).
Finally we shall show (iii). Denote by G * the identity connected component H o (M ) of H(M ) and K * the isotropy subgroup of G * at o = {K}. Since G acts effectively on M, G is a Lie subgroup of G * and K ⊂ K * . Let g, k, g * and k * be the Lie algebras of G, K, G * and K * , respectively.
The symmetry θ o at o is determined by
The extension σ * of σ to G * becomes G * /K * in another 3-symmetric coset space of M (see [9, Proposition 5.1]). If G * is semisimple, then from (i) K = K * . In a similar way, we obtain g * = m * + [m * , m * ]. Taking into account that the corresponding φ * for σ * , φ * = 1 + σ * + (σ * ) 2 , satisfies φ * |g = φ, one gets m ⊂ m * and so m = m * . Hence we have g = g * . Corollary 4.7. Let (M = G/K, σ, ·, · ) be a Riemannian 3-symmetric space and J its canonical almost complex structure. Suppose that G is a connected, compact Lie group acting effectively on M and rank K = rank G. Then we have:
(i) The holonomy group Hol(∇ U(n) ) of the minimal connection ∇ U(n) coincides with the isotropy subgroup K, as acting by the adjoint representation; (ii) G coincides with the identity component of the group of holomorphic isometries of (M, g, J).
Proof. K is connected and M is simply connected [23, Proposition 4.1]. Moreover, because K contains the center of G and the action is effective, it follows that G is semisimple. Then (i) is proved by using Theorem 4.5 (i).
Next we can consider the decomposition
. . , r, the simple normal subgroups of G and
. . , r, it follows that each M i is an irreducible 3-symmetric space with associated inner automorphism σ i , where σ = σ 1 ×· · ·×σ r , and hence, σ is also an inner automorphism. Denote as before by G * the identity connected component H o (M ) of H(M ), K * the isotropy subgroup of G * at the origin and g * and k * the corresponding Lie algebras. Then the extension σ * of σ to G * is also an inner automorphism of order 3 and so, rank G * = rank K * . Hence G * must be semisimple and (ii) follows from Theorem 4.5 (iii).
Compact irreducible 3-symmetric spaces
We shall also need some general results of complex simple Lie algebras. See [11] for more details. Let g C be a simple Lie algebra over C and h C a Cartan subalgebra of g C . Let ∆ denote the set of non-zero roots of g C with respect to h C and Π = {α 1 , . . . , α l } a system of simple roots or a basis of ∆. Because the restriction of the Cartan-Killing form B of g C to h C ×h C is non-degenerate, there exists a unique element H α ∈ h C such that B(H, H α ) = α(H), for all H ∈ h C . Moreover, we have h C = α∈∆ CH α and B is strictly positive definite on 15) where the constants
For this choice, if α + β = 0, then E α and E β are orthogonal under B, B(E α , E −α ) = 1 and we have the orthogonal direct sum
Denote by ∆ + the set of positive roots of ∆ with respect to some lexicographic order in Π.
Then each α ∈ ∆ + may be written as
Then N α,β = 0 if and only if α + β ∈ ∆ and, using (5.15), one gets Lemma 5.1. For all α, β ∈ ∆ + and a = 0, 1, the following equalities hold: Table 1 .
A compact irreducible Riemannian 3-symmetric space (M = G/K, σ, ·, · ) has one of the following forms [23] : Type A 3 : G is a compact connected simple Lie group acting effectively and σ is an inner automorphism on the Lie algebra g of G.
Let µ = l i=1 m i α i be the highest root of ∆ and consider H i ∈ h C , i = 1, . . . , l, defined by
Note that Table 1 . Denote by ∆ + (H) the positive root system generated by Π(H). Then we have h ⊂ k = g σ and
G is a compact simple Lie group and the complexification g C of g is of Dynkin type d 4 and σ is an outer automorphism on g.
where L is a compact simple Lie group and σ on g = l ⊕ l ⊕ l is given by σ(X, Y, Z) = (Z, X, Y ). Here k = g σ = {(X, X, X) ∈ g | X ∈ l}. Next we give the classification of all compact irreducible simply connected 3-symmetric spaces.
) is a compact irreducible simply connected 3-symmetric space, then there exists a unique 3-symmetric quotient expression G/K for M where G is a compact connected Lie group acting effectively on M. In particular, G is the identity component of the group of holomorphic isometries of (M, g) with respect to the canonical complex structure and K is the holonomy group of the minimal connection. The pairs (G, K) are given in Tables  2-6 .
Proof. Let (M = G/K, σ, ·, · ) be a compact irreducible simply connected 3-symmetric space. If σ is of Type A 3 , the result follows from Corollary 4.7. If σ is of Type B 3 or C 3 , Tojo proves in [20] that the identity component of the isometry group coincides with G and so, G = H o (M ). Remark 5.4. If (M, g) is not isometric to a symmetric space, G must be the identity component of the isometry group [20] .
In Tables, G/Z n denotes the quotient of G by a central cyclic subgroup of order n. Irreducible 3-symmetric spaces of Type A 3 I are Hermitian symmetric spaces (Table 2) . Another important class of homogeneous spaces is that of flag manifolds. These are manifolds of the form G/K, where G is a compact Lie group and K is the centralizer of a torus of G. Then irreducible 3-symmetric spaces of Type A 3 I, together with those of Type A 3 II (Table 5 ) and of Type A 3 III (Table 6 ) are examples of flag manifolds and moreover, because G is semisimple -in fact, simple-they are all compact Kählerian G-spaces. Although rank G = rank K also for irreducible 3-symmetric spaces of Type A 3 IV (Table 3) , the isotropy subgroup K is not the centralizer of a torus. Here K is semi-simple and its center has order 3 [23].
Proof of Theorem 1.1
We shall need some previous results. First, recall that (M, g, J) in Theorem 1.1 is a compact naturally reductive 3-symmetric space equipped with its canonical complex structure. So, in what follows, we always focus on simply connected irreducible 3-symmetric spaces (M = G/K, σ, ·, · ) as in Theorem 5.3 which are not of Type A 3 I. Moreover, the homogeneous Riemannian manifold (M = G/K, g) is supposed to be naturally reductive with adapted reductive decomposition g = m ⊕ k, or equivalently, the canonical Hermitian structure (J, g) is (strict) nearly Kähler. According with [8] , the inner product ·, · is then the restriction to m of a bi-invariant product on g. Because g is semisimple, we take ·, · = − The differential of the isotropy action, i.e. the action of K as a subgroup of G, determines a linear representation of K on the tangent space T o M at the origin o, called the isotropy Table 2 . Type A 3 I. Hermitian symmetric spaces representation which, under the identification T o M ∼ = m, corresponds with the adjoint representation Ad(K) of K on m. Using Theorem 5.3, the isotropy subgroup K is precisely the holonomy group of the minimal connection ∇ U(n) . Hence the holonomy representation of ∇ U(n) coincides with the isotropy representation. Proof. On irreducible 3-symmetric spaces of Type A 3 IV, the Lie subalgebra k of g is maximal.
Then they are isotropy-irreducible spaces (see [2, Ch. 7] 
A set ∆ + of the positive roots is given by
Let s : Π → Π be the symmetry on Π = {α 1 , . . . , α 4 } given by α 2 → α 2 , α 1 → α 3 → α 4 → α 1 and σ the linear transformation of d 4 defined by σ(H α ) = H s(α) , σ(E λ ) = E s(λ) , where {H α , E λ : α ∈ Π, λ ∈ ∆} is a Weyl basis of d 4 and s is extended to ∆ by linearity. Then the set of fixed points of σ on d 4 is a complex Lie algebra of type g 2 , where a Weyl basis is given by {H α 2 , H α 1 + H α 3 + H α 4 ; E ±α 2 , E ±(α 1 +α 2 +α 3 +α 4 ) , E ±(α 1 +2α 2 +α 3 +α 4 ) ,
Hence the corresponding real form k = g σ is generated by 
(U a α 1 +α 2 +α 4 + U a α 2 +α 3 +α 4 − 2U a α 1 +α 2 +α 3 ). Put E = R{h; e a i | i = 1, 2, 3; a = 0, 1}. Using Lemma 5.1, one can check that E is Ad(G 2 )-invariant and m = E ⊕ JE is an orthonormal decomposition into invariant and irreducible subspaces under the isotropy representation of G 2 . From here, Spin(8)/ G 2 is complex isotropyirreducible but not real isotropy-irreducible.
Finally, let (G/K, σ, ·, · ) be a compact 3-symmetric space of Type 
(U a α , U a α , −2U a α ). Hence we have the orthogonal decomposition m = E ⊕ JE, where E = R{h α ; e a α }. E and JE are Ad(∆G)-invariant subspaces naturally isomorphic as vector spaces with the Lie algebra l. Because l is simple, it follows that these subspaces are irreducible under the isotropy representation. 
Proof. If σ is of Type
Consider the subspaces of m :
is an orthogonal decomposition which is stable by J. Concretely, from Lemma 5.2 one gets JU a α = (−1) a+1 U a+1 α , for all α ∈ ∆ + 1,1 , and
We shall show that these subspaces are Ad(K)-invariant. Since K is connected, it is equivalent to show that
(6.21)
Let α ∈ ∆ + (H) and β ∈ ∆ + \ ∆ + (H). If α ± β ∈ ∆, then n i (α ± β) = ±n i (β) and n j (α ± β) = ±n j (β). Hence, using Lemma 5.1, we obtain (6.21). If α, β ∈ ∆ + p,q , for 0 ≤ p, q ≤ 1 with (p, q) = (0, 0), then α + β / ∈ ∆, and if
where (k, r, s) is a permutation of (1, 2, 3 ). Now using (4.14) we can conclude
It means that (M = G/K, g, J) is homogeneous NK Type III (see Proposition 3.14 (i)). Now we need to recall the following basic results. As in Section 5, we consider a simple Lie algebra g C over C and π = {α 1 , . . . , α l } a system of simple roots with respect to a Cartan subalgebra. Let µ = l i=1 m i α i be the highest root in the set of non-zero roots ∆ generated by π.
Lemma 6.4. If α p , α q ∈ π are adjacent in the Dynkin diagram of g C , connected by n p,q arcs and α p is of higher or equal length to α q , then
Proof. It follows taking into account that n p,q = 4 αp,αq 2 αp,αp αq,αq , α p , α p = n p,q α q , α q and the scalar product of two adjacent simple roots is negative.
Lemma 6.5. Suppose that on g C , m p = 2, for some p ∈ {1, . . . , l}, and there exists β = l i=1 n i (β)α i ∈ ∆ + such that n p (β) = 1. We have:
Proof. As the weight of α p in the highest root is 2, then using the terminology in [11, Lemma 3.3] we have
If α p is of length higher or equal to its adjacent roots, then α p has at the most three adjacent simple roots α i , α j and α k . Therefore, taking Lemma 6.4 into account, we obtain
Thus, if β = α p , then we have the following alternatives: -n i (β) = 1 and n j (β) = n k (β) = 0, then β, α p = k 2 ; -n i (β) = 2 and n j (β) = n k (β) = 0, then β, α p = 0; -n i (β) = 2, n j (β) = 1 and n k (β) = 0, then β,
If α p is of length shorter than some adjacent root, then there are two possibilities: g C = b l and α p = α l , or g C = c l and α p = α l−1 .
If g C = b l and α p = α l , then α l has only one adjacent simple root α l−1 . Therefore, we obtain 2n l−1 (β) − 2 ≤ 1. Thus, if β = α l , then n l−1 (β) = 1 and β, α l = 0. Hence, if we have a positive root β = · · · + α l , such that β, α l = k, then necessarily β = α l .
If g C = c l and α p = α l−1 , then α l−1 has two adjacent simple roots α l−2 and α l . Hence we obtain n l−2 (β) + 2n l (β) − 2 ≤ 1. Thus, if β = α l−1 , we have the following alternatives:
-n l−2 (β) = 1 and n l (β) = 0, then β, α l−1 = k 2 ; -n l−2 (β) = 2 and n l (β) = 0, then β, α l−1 = 0; -n l−2 (β) = 1 and n l (β) = 1, then β, α l−1 = − k 2 . Therefore, in this case, if we have a positive root β = · · · + α l−1 + . . . , such that β, α l−1 = k, then necessarily β = α l−1 .
Proof. Let α i be the simple positive root which defines the inner automorphism σ. We consider an Ad(K)-invariant subspace H 1 of H. For β ∈ ∆ + 1 and α i , α i = k, by Lemma 6.5 we have:
If X ∈ H 1 , then JX ∈ H 1 and X is given by
x a;β U a β + β∈∆
x a;β U a β − β∈∆
This implies that
where H 2 is the orthogonal complement of H 1 in H. Since H 2 is also Ad(K)-invariant, then H 2 = H and H 1 = 0. Hence H is complex Ad(K)-irreducible. Therefore, using Proposition 3.14 (ii), H is real Hol(∇ U (n) )-irreducible and the nearly Kähler manifold M is homogeneous NK Type IV. Now Theorem 1.1 is a direct consequence from Theorem 5.3 and Propositions 6.1, 6.2 and 6.6.
Homogeneous nearly Kähler manifolds with special algebraic torsion
In this section we obtain the eigenvalues (l, k, m) of r and the dimensions of the corresponding eigenbundles for each irreducible homogeneous nearly Kähler manifold with special algebraic torsion. From Theorem 1.1, using [ We start studying irreducible 3-symmetric spaces of Type A 3 II. First, we shall show that each V k , k = 1, 2, 3, defined in (6.20) is an eigenspace of r in m. Given a subset S of ∆ + and α ∈ ∆, we denote by n α (S) to the number of elements in {β ∈ S | β +α ∈ ∆ and β +2α / ∈ ∆}. If the inner automorphism σ is of Type A 3 II, the complex simple Lie algebra g C is a n−1 (n ≥ 3), d n (n ≥ 4) or e 6 . Here, α, α is constant, for all α ∈ ∆, which we shall denote by κ.
Lemma 7.2. On irreducible compact 3-symmetric spaces of Type A 3 II we have:
where α ∈ ∆ Proof. Because, one gets:
∈ ∆ and if β + γ ∈ ∆ then β + γ ∈ ∆ 1,1 , (4.14) and Lemma 5.1 implies
being zero for the rest. Hence U a α , U a β and U a γ are eigenvectors for r. Moreover, we have
and the others being zero. Hence, using Lemma 3.12, we have
Now Lemma follows taking into account that
for all α ∈ ∆ + 1,1 , β ∈ ∆ + 1,0 and γ ∈ ∆ + 0,1 , and being zero in other cases. Proposition 7.3. On a compact irreducible 3-symmetric of Type A 3 II, the eigenvalues (l, k, m) of r and the dimensions corresponding to the eigenbundles V 1 , V 2 and V 3 , respectively, are given in Table 5 .
Proof. On a n−1 a set ∆ + of the positive roots is given by
Then, for σ = Ad exp 2π (6.20) , where On d n (n ≥ 4),
give automorphisms which are conjugated with the first one. A set ∆ + of the positive roots is given by
and k is of type a n−2 ⊕T 2 . Hence M is the quotient manifold SO(2n)/(U(n−1)×SO(2)). Next, on m = R{U a α | α ∈ ∆ + \ ∆ + (H)}, we consider the corresponding orthogonal decomposition
, where the corresponding subset of positive roots are given by
Finally, a system of positive roots ∆ + on e 6 ,
is given by
and the automorphism σ of Type A 3 II is determined by H =
Hence it follows from above lemma that r has exactly one eigenvalue l = k = m = 8κ. Since dim V 1 = 2 card(∆ Table 5 follow.
Corollary 7.4. On irreducible compact 3-symmetric spaces of Type A 3 II, Equation 3.9 is satisfied. Therefore, an irreducible compact 3-symmetric spaces of Type A 3 II is Einstein if and only if dim (2)) and SO(8)/(U(3) × SO(2)) are the irreducible compact 3-symmetric spaces of Type A 3 II which are Einstein. Table 5 . Type A 3 II. κ = µ, µ , µ is the highest positive root Next, we consider compact irreducible 3-symmetric spaces of Type A 3 III.
Lemma 7.5. On a compact irreducible 3-symmetric space of Type Proof. For α,α ∈ ∆ + 1 and β ∈ ∆ + 2 one gets:
• α + β / ∈ ∆ and if α − β ∈ ∆ then β − α ∈ ∆ + 1 . From here, using (4.14) and Lemma 5.1, we have 23) being zero for the rest. Hence U a α , and U a β are eigenvectors for r. Moreover, we obtain
and the others being zero. Finally, using Lemma 3.12, it follows
From this and (5.17), taking into account that the −γ-serie, γ ∈ ∆ + 2 , containing α ∈ ∆ + 1 is given by {α, α − γ}, we get
(56κ, 2κ) 2 112 Table 6 . Type A 3 III. κ = µ, µ , µ is the highest positive root Proposition 7.7. On a compact irreducible 3-symmetric of Type A 3 III, the eigenvalues (l, k) of r and the dimensions corresponding to the eigenbundles V and H, respectively, are given in Table 6 .
Proof. In next Section the corresponding Dynkin diagrams are displayed. Moreover, the sets ∆ + , ∆ + 2 and ∆ + 1 are given. Likewise, on each case, it is fixed the element H which define the inner automorphism σ. From that information and using Lemma 7.5, Table 6 can be completed (we recommend the use of some adequate software for further checking, see Lie in http://www-math.univ-poitiers.fr) Corollary 7.8. On irreducible compact 3-symmetric spaces of Type A 3 III, Equation 3.8 is satisfied. Therefore, a compact irreducible 3-symmetric spaces of Type A 3 III is Einstein if and only if 2 dim V = dim H. Thus, SO(6a − 1)/(U(2a) × SO(2a − 1)), a ≥ 2, Sp(3a − 1)/(U(2a − 1) × Sp(a)), a ≥ 1, and SO(6a + 2)/(U(2a + 1) × SO(a)), a ≥ 2, are the irreducible compact 3-symmetric spaces of Type A 3 III which are Einstein.
The quotient l k measures how much the nearly Kähler metric of a compact irreducible 3-symmetric space of Type A 3 III deviates to be an Einstein metric. When the fibers of the canonical fibration is two-dimensional, it is known that the base manifold is quaternionic Kähler [16] of dimension 4a, a ≥ 1.
Lemma 7.9. If dim V = 2, dim M = 2n and n = 2a + 1, then l = (n − 1) µ, µ , k = 2 µ, µ .
(7.24)
Therefore,
Then these twistor spaces are classified on terms of the quotient Remark 7.12. If an irreducible nearly Kähler manifold with special algebraic torsion is Einstein and non-homogeneous, then it must be a twistor space over a positive quaternionic Kähler manifold [16] . In such a case, by results due to Alexandrov et al. [1] , the manifold has to be six-dimensional. On the other hand, we have already mentioned in Section 1 the Hitchin's result claiming that any positive quaternionic Kähler manifold of dimension four is symmetric [12] . This implies that the corresponding six-dimensional twistor space is homogeneous. Therefore, Corollaries 7.4 and 7.8 contain the complete list of irreducible nearly Kähler manifolds with special algebraic torsion which are Einstein. The remaining irreducible simply connected homogeneous strict nearly Kähler Einstein manifolds are the compact irreducible 3-symmetric spaces of Types A 3 IV , B 3 and C 3 (Tables 3 and 4 ). The only possibility for non-homogeneous irreducible strict nearly Kähler Einstein manifolds is to be six-dimensional and ∇ U(n) -holonomy real irreducible.
Canonical fibrations
The notion of Lie triple system given in the theory of symmetric spaces to construct totally geodesic submanifolds can be extended to naturally reductive spaces in the following way [19] . Since m is Ad(K)-invariant and using the Jacobi identity, it follows that h = ν ⊕ [ν, ν] k is a Lie subalgebra of g. Denote by H the connected Lie subgroup of G with Lie algebra h. Then, by a similar way than for symmetric spaces (see [11, Theorem 7 .2, Ch. IV]), one obtains the following result, based on the fact of that geodesics of M through the origin o of G/K are of type (exp tv)o, v ∈ m. Note that the manifold M ′ , there mentioned, can be expressed as the orbit H · o (see also [19] ). Next, for each vertical distribution V of M, we shall look for an inner involutive automorphism τ V of g such that (g, τ V ) is an irreducible orthogonal symmetric Lie algebra and the set of fixed points g τ V isḡ V . Then (G,Ḡ V ) becomes into an associated pair of (g, τ V ). Since the center of g is {0}, it follows thatḠ V is closed ([11, Proposition 3.6, Ch. IV]). From here, G V /K is a regular submanifold of G/K (see [11, Proposition 4.4, Ch. II] ). Moreover, the totally geodesic submanifold
If σ is of Type A 3 II, then m i = m j = 1 for some i, j ∈ {1, . . . , l}, i < j and σ = Ad exp 2π
be the orthogonal decomposition of m into its vertical subspaces V k , k = 1, 2, 3. We consider the inner automorphisms of order two of g :
Using (5.18), one gets g τ V k =ḡ V k and, because g is a compact semisimple (in fact, simple) Lie algebra the pair (g, τ V k ) is an effective orthogonal symmetric Lie algebra.
The base spaces
, of the canonical fibration are irreducible compact symmetric spaces associated with the orthogonal symmetric Lie algebras (g, τ V k ). Moreover, they are Hermitian symmetric spaces and the complex structure
is a cyclic permutation of (1, 2, 3), given by
Next, suppose σ is of Type A 3 III, with σ = Ad exp 2π √ −1H , where H = ). Hence N V is an irreducible compact symmetric space with inner automorphism τ V on g but it is not a Hermitian symmetric space. In fact, the roots which determine the isotropy subgroup are {α j ∈ π | j = i} ∪ {−µ}. All of this proves (iii) and (iv).
Hence we can conclude Corollary 8.4. Compact irreducible 3-symmetric spaces of Type A 3 II or Type A 3 III are twistor spaces over irreducible compact symmetric spaces, and over Hermitian symmetric spaces for those of Type A 3 II. Remark 8.5. In Theorems 8.6 and 8.9 we will explicitly determine all pairs (g V ,ḡ V ) for each vertical distribution V. In particular, we will obtain that g V is a compact simple Lie algebra. If σ is of Type A 3 II, it follows from (5.18) that the pair (g V k , δ k ), for each k = 1, 2, 3, where δ k is the inner automorphism given by
is an irreducible orthogonal symmetric Lie algebra associated to
It is a Hermitian symmetric space with almost complex structure J V k = J |V k and determined by the Ad(K)-invariant tensor field on V k given by ad
an irreducible orthogonal symmetric Lie algebra associated to 
S(U(r 1 )×U(r 2 )×U(r 3 )) → CG r k ,n−r k , where 1 ≤ r i , r 1 + r 2 + r 3 = n, and (i, j, k) is a cyclic permutation of (1, 2, 3) .
Remark 8.7. Note that on above compact quotient G/K the action of G is almost effective but not necessarily effective.
Proof. We take ∆ 3 for the simple complex Lie algebras a n−1 , d n and e 6 . Then on a n−1 (n ≥ 3), using Lemma 5.1, we have:
Therefore, we get g V 2 ∼ = su(j) and g V 3 ∼ = su(n − i). Next we show that g V 1 ∼ = su(n + i − j). Denote by π n−1+i−j a system of simple roots π n−1+i−j = {β 1 , . . . , β n−1+i−j } of a n−1+i−j . Let φ be the bijection φ : π n−1+i−j → {α 1 , . . . , α i−1 , α i,j , α j+1 , . . . α n−1 }, given by
Then φ can be extended by linearity to a bijection from ∆ +
is the positive root set of a n−1+i−j generated by π n−1+i−j . Also denote by the same letter φ the homomorphism from su(n + i − j)) toḡ V 1 defined by φ( √ −1H βs ) = √ −1H φ(βs) and φ(U a βs ) = U a φ(βs) , s = 1, . . . , n − 1 + i − j. Then
Moreover, we get
From here and Theorem 8.3, taking r 1 = i, r 2 = j − i and r 3 = n − j, we have the fibrations given in (i).
On d n (n ≥ 4), using again Lemma 5.1, we have:
be the positive root set for d n−1 generated by a system of simple roots π n−1 = {β 1 , . . . , β n−1 } and consider the bijection φ : π n−1 → {α 1 , . . . , α n−2 ,α n−2,n−1 }, given by φ(β i ) = α i , i = 1, . . . , n − 2, and φ(β n−1 ) = α n−2,n−1 . Then φ determines a homomorphism from so(2(n−1)) to the Lie algebraḡ V 1 defined as before. Then
Moreover, we getḡ
From here and Theorem 8.3, we obtain the fibrations (ii) and (iii); (ii) corresponds with the vertical distributions V 2 and V 3 and (iii) with V 1 .
Finally, on e 6 we have:
Using the corresponding Dynkin diagrams we get g V 2 ∼ = g V 3 ∼ = so(10). Next we also show that
be the positive root set for d 5 generated by a system of simple roots π 5 = {β 1 , . . . , β 5 }. Let φ be the bijection φ : π 5 → {α 1 + α 3,6 , α 2 , . . . , α 5 }, given by
Then φ can be extended to ∆ d 5 → ∆(H) ∪ ∆ 1,1 by linearity and the result follows as in the above cases. Moreover, we get
Remark 8.8. The coset spaces SU(n) S(U(1)×U(1)×U(n−2)) , n ≥ 3, are the compact irreducible 3-symmetric spaces of Type A 3 II such the the fibers of the canonical fibration are 2-dimensional. Such a fibration is given by
Furthermore, for these manifolds k = m and l k = n − 2. Therefore,
S(U(1)×U(1)×U(1)) known as the flag manifold F 3 , is the unique compact irreducible 3-symmetric space of Type A 3 II with 2-dimensional fibers which is also Einstein. Proof. If σ is of Type A 3 III then m i = 2 (H = 2 3 H i ), for some i = 1, . . . , n. It implies that g C is one of the following: b n (n ≥ 2), c n (n ≥ 2), d n (n ≥ 4), g 2 , f 4 , e 6 , e 7 and e 8 .
On b n we consider the automorphism σ determined by H = 2 3 H i , where 2 ≤ i ≤ n. A set ∆ + of the positive roots is given by ∆ + = {α p,q (1 ≤ p ≤ q ≤ n);α p,q = α p + · · · + α q−1 + 2α q + · · · + 2α n (1 ≤ p < q ≤ n)}. RU a α + α∈φ(π i ) R √ −1H α = φ(so(2i)).
where Ξ = {α p,q | i < p ≤ q ≤ n} ∪ {α p,q | i < p < q ≤ n}. Hence the fibration given in (i) follows.
For the complex Lie algebra g C = c n (n ≥ 2),
. . .
a set of positive roots is given by ∆ + = {α p,q (1 ≤ p ≤ q ≤ n), α p,q = α p + · · · + 2α q + · · · + 2α n−1 + α n (1 ≤ p ≤ q ≤ n − 1)}.
The inner automorphism σ = Ad exp 2π
It implies that c σ n is of type a i−1 ⊗ c n−i ⊗ T 1 . Hence M is the quotient manifold Sp(n)/(U(i) × Sp(n − i)). Moreover, the subspace V of m of the vertical distribution has dimension i(i + 1) and is given by V = {U ã αp,q | 1 ≤ p ≤ q ≤ i}, and ∆ + 2 = {α p,q | 1 ≤ p ≤ q ≤ i}. Now, let ∆ + c i be the positive root set for c i generated by a system of simple roots π i = {β 1 , . . . , β i }. We consider the bijection φ : π i → {α 1 , . . . , α i−1 ,α i,i }, given by φ(β j ) = α j , j = 1, . . . , i − 1, and φ(β i ) =α i,i . Then φ can be extended by linearity to ∆ + c i → ∆ Moreover, we get
where Ξ = {α p,q | i < p ≤ q ≤ n} ∪ {α p,q | i < p ≤ q ≤ n − 1}. Hence we get the fibration given in (ii).
On d n , the automorphism σ corresponds to H = 2 3 H i , with 2 ≤ i ≤ n − 2. Then ∆ + (H) = {α n , α p,q (1 ≤ p ≤ q < i), α p,q (i < p ≤ q < n),α p,q (i < p < q ≤ n, p ≤ n − 2)}.
Moreover, ∆ RU a α + α∈φ(π i ) R √ −1H α = φ(so(2i)).
and we getḡ
RU a α ∼ = so(2i) ⊕ so(2(n − i)),
where Ξ = {α n , α p,q (i < p ≤ q < n),α p,q (i < p < q ≤ n, p ≤ n − 2)}. Hence we obtain the fibration given in (iii).
For the exceptional Lie algebra g 2 , g 2 :
a set of positive roots is given by ∆ + = {α 1 , α 2 , α 1 + α 2 , 2α 1 + α 2 , 3α 1 + α 2 , 3α 1 + 2α 2 }, being µ = 3α 1 + 2α 2 the maximal root. In this case H = 
Hence F is the 2-sphere S 2 and the fibering (iv) is obtained.
On f 4 , Put β 1 = α 2,4 + α 3,4 , β 2 = α 1 , β 3 = α 2 and β 4 = α 3 . Then {β 1 , . . . , β 4 } is a system of simple roots of b 4 and the positive root set generated by them coincides with ∆ + (H) ∪ ∆ + 2 . Hence g V =ḡ V ∼ = so(9) and we obtain (vi).
On e 6 , H = Moreover, we getḡ
Hence we get the fibration given in (vii). Next we consider H = Since ∆ + (H) is a root set for a 5 with simple system {α 1 , α 3 , . . . , α 6 }, we havē g V ∼ = su(6) ⊕ su(2).
This gives the fibration in (viii).
On e 7 , 
